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Abstract 

We present a critical review of the relativistic rotation transfor- 
mation of Trocheris and Takeno. A new transformation is proposed 
which is free from the drawbacks of the former. Some apphcations are 
presented. 
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1 Introduction 



The problem of determining the relativistic transformation to rotating frames 
has been the subject of lengthy discussions since the appearance of the special 
theory of relativity in 1905. 

After a first wave of publications on this issue the well known set 

of equations 



P = P 



— out 



t' = t 



(1) 



was adopted, relating the non-rotating coordinate system of the frame S (in 
cylindrical coordinates) to the coordinates t', p', z', 0' of the frame S' rotating 
uniformly about 2;— axis in the (p, 0) plane. 



More recently the tetrad formalism |jTO[,[^ has been applied to the study 
of rotating observers fl^l^lIMl where uniform rotation is defined according to 
eq.®. 

It is not difficult to realize the inconvenients implied by eq.(|l]), from the 
relativistic point of view. In fact, the absolute character of time {t = t') (of 
purely Galilean origin) is difficult to reconcile with special relativity (clocks 
in S' move with respect to clocks in S) , even if we are aware of the fact that 
t is the coordinate time and not proper time. 

Furthermore, eq.(|I|) implies that the Galilean composition law of veloci- 
ties applies |lT9[|-pT[|. 



In order to overcome difficulties steaming from the Galilean character of 
(|l]), a different transformation law was independently proposed by Trocheris 
[PH and Takeno |20l. 

In cylindrical coordinates the Trocheris- Takeno (TT) transformation reads 



P =P 



t' 



with 



cosh X — t - sinh A 
P 

t cosh A — — sinh A 
c 



A^^ 



(2) 



where primes correspond to the rotating frame. 
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It can be easily seen |I9| , |20| that (0) takes the ordinary form of Lorentz 
transformation, leads to the relativistic law of composition of velocities and 
yields for the velocity of a fixed point in S', the expression 



V = c tanh A (3) 

sending to infinity the "light cylinder" . Of course, up to first order in A, we 
recover 

(f)' = (f) — ujt 

Although all these features are quite desirable in a self-consistent rel- 
ativistic transformation, those two references have been largely 



overlooked, except for a series of papers by Kichenassamy and Krikorian 

The purpose of this work is twofold, on one hand we want to call the 
attention to TT transformation and on the other, to propose some modifica- 
tions of it, in order to avoid some undesirable consequences following from 
its application. 

The motivation to undertake such endeavor is provided not only by the 
evident academic interest of the problem but also by the fact that navigation 
and time transfer systems are now being contemplated with sub-nanosecond 



time accuracy (see [0 and references therein). For such systems, terms of 
order in A higher than one will be required. 

In the next section we shall rederive the TT transformation following the 
Takeno approach, and will discuss about its properties. Other transforma- 
tions obtained within the same scheme will also be considered. In section 3, a 
new transformation will be proposed and some applications will be presented. 
Finally some conclusions are included in the last section. 



2 The TT transformation 
2.1 Its derivation 

We shall now discuss with some detail the derivation of TT transformation as 
given by Takeno. Since this reference is almost half century away in the past, 
we shall try to make this section self-consistent, providing as much details as 
possible and following closely, with minor changes, the original notation. 
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Thus, we start by assuming that U{uj), which defines a uniform rotation 
constitutes a group with continuous parameter u. Let us next consider an 
inertial system S with respect to which a system S' makes a U{uj), and a 
system S" making a U{lD) with respect to S'. 

Then consider a fixed point A' in S'. Denoting its three dimensional 
velocity {v^, v^, 0) (as measured by S) and its speed by v, we have 

= —V sin (j) = —y^ ; = v cos (p = xC, (4) 

where ^ = v/pis the "angular velocity" of A' as measured by S, and x, y {p, 0) 
its cartesian (cylindrical) coordinates. 

It is further assumed that ^ is a function of p and uj, and for sufficiently 
small A (A = pcj/c) it coincides with u up to first order in A. 

We shall further consider two other points A and A" at rest in S and 5"' 
respectively and which coincide with A' at some instant of time. 

Then denoting by v, ^ and v, ^ the velocity and the "angular velocity" of 
A" with respect to S' and A" relative to S, respectively, we shall demand 
that V is obtained from v and v according to the relativistic composition law, 
i.e. _ 

= (6) 



1 + vv/c^ 
which implies 

1= (6) 

Next, constraining the rotation to the (p, z) plane is natural to assume 

p' = p ; z' = z (7) 

We shall now consider infinitesimal transformations assuming u to be 
small. Then, up to linear terms in u;, we may write 

X"" = + 007]" (x°'^'2'^ = t, p, 0, z) (8) 

then from (|^) it follows that 

= r]^ = (9) 

Using 



dt ' df 



(10) 
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one finds without difficulty 

Next, since to is small, we may write, up to terms linear in co 

e = ^ (1 

then we obtain from 

1 — p^^uj/c^ 

and comparing (|13|) with ([Tl|) , the following equations follow 

Q^2 g^O p2 Q^O 

which may be integrated to obtain 

where the initial conditions t' = (p' = for t = (p = have been used. 

Let us now get back to equation (H), taking derivative with respect to 
and using ([T5|) , we have 



dt' _ p 

duo ' duj c 



Also, because of (|]) and (|T5|), we may write 



(j)' = (j)-ujt ; t' = t-(^(f) (1 



or, solving for and t 



y + LUt' _t'+ (cjpVc^) 0' 



However, since is defined up to linear terms in cj, it is meaningful to 
neglect quadratic terms in ([T8|) and write 



thus, eq.(|T^) becomes 



b' + ut' ■ t = t'+'^cj)' (19) 



Before proceeding further with the integration of (PD| ) the following ob- 
servations are of order: 



1. Takeno neglects the linear term in cu in (|2(]|) , therefore his equations 
are: 

^ = -t' ■ — = -^0' (21) 

duj ' duj (? 

which may be integrated at once, using the condition cj)' = (j)\t' = t for 
u; = 0, to obtain @). 

2. It is important to observe that the inverse transformation is obtained 
from (^ by changing uj —uj. 

3. For a point at rest in S", we have from (^ 

0=— tanhA + — — (22) 
p cosh A 

where we have put 0' = constant = a, then 

^ = - tanh A (23) 
P 

and therefore 

V = c tanh A (24) 

thus a point co-rotating with S' will move with speed approaching c, 
only in the limit p ^ oo. 
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Let us now integrate ( pO]) with the term hnear in uj included. A simple 
calculation with the condition 0' = 0; t' = t for a; = 0, yields 



t' 

or, solving for and t 



-A2/2 



-A2/2 



I cosh \ — t — sinh A 
P 



t cosh A 



- sinh A 



t 



0' cosh A + t' — sinh A 
P 

t' cosh A + 0' — sinh A 

c 



(25) 
(26) 

(27) 
(28) 



Observe that now, unlike the TT case , eqs.(^),(^) are not obtained 
from (^),(^) by changing u —>■ —uj and ^ ; t[ 't. 

Let us now retrace all steps leading from (^ to pO|), but for the inverse 
transformation (i.e. changing uj —>■ —uj and d'. '0 ; t'^t). It is easily seen 
that the following equations result 



t - 



up" 



dt _ p2 
du (?■ 



-ut) 



(29) 



u 



As expected, of course, (^) may be obtained simply by changing u - 
and 0'^0 ; t'^t, in (1^). 

If we now solve ( |29| ) without the terms in u on the right of equations, we 
obtain at once 



t 



0' cosh A + t' - sinh A 
P 

t' cosh A + 0' — sinh A 



(30) 
(31) 



which is just the TT transformation for the unprimed quantities, and which 
follows from (0) by solving for and t or simply by changing u —u and 
0'^0 ; t'z:t. 

However if we solve (Eof) with all their terms, the result is 



-A2/2 



b' cosh \ + t' - sinh A 
P 



(32) 
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t = e-''/' 
or solving for 0' and t' 



i! cosh A + 0' — sinh A 



) cosh A — t - sinh A 
P 



t cosh A 



— sinh A 



(33) 



(34) 



(35) 



Two facts deserve to be stressed: 



1. As it was the case for (p5D-(p^), the expressions for unprimed (primed) 
coordinates do not follow from the expressions for primed (unprimed) 
coordinates, by changing lo —uj and (p'Z^cl) ; t'^t. This is a desirable 
feature of both transformations ( (p5D -(p8l) and (^)-(|35|)) since, unlike 
the case of Lorentz transformations between two inertial frames, now 
S and S' are physically different (one is inertial, whereas the other is 
not). 

. This 



2. Transformations (p5D-(pq) are obviously different from (p2D-(^ 

is to be expected from the point 1 above, and the fact that (^),(^) 
((|7D,(|8D) may be obtained from (|2D,(|3|) ((|3|),(|3|)) (and viceversa) 
by changing uj — >■ —uj and (f)'^(f) j t'^t. Also observe that Takeno 
approach is, strictly speaking, consistent only up to terms linear in 
u. It is obvious that TT, (^)-(|28|) and (|3^)-(|35D coincide up to that 
order and furthermore, primed and unprimed quantities are, up to that 
order, obtained from each other hj u ^ —uj and (f)'^(f) ! t'^t. 

To summarize: The TT transformation follows unambiguosly from the Takeno 
procedure if linear terms in u, in eq.(pOD (or p9|)) are neglected. Otherwise, 
the method does not provide a unique set of transformations. We shall come 
back to this point latter, now let us study some properties of TT transfor- 
mation. 



2.2 Some properties of TT transformation 

In order to put in evidence some problems related to TT transformation, let 
us calculate some metric components in the primed (rotating) system. Thus, 
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from 

we easily obtain 

gt't' = (37) 

On the other hand, we know from general relativity that the relation 
between the proper time interval dr and the coordinate time interval dt' is 
given by 

dr = -^g^dt' (38) 

c 

which means that 

dr = dt' (39) 

However, different observers in S', located along a 0' = constant, z' = 
constant, line, moves with different velocities with respect to each other (in- 
creasing with p according to (^)) and therefore their respective clocks should 
run differently, specifically, as we move in the direction of increasing p, they 
should go slower [^ . 

This is by the way the behaviour obtained from the "Galilean" transfor- 
mation (p. Indeed we obtain in this case 

QtH' = c^- cuV' (40) 

which means because of (p8f) 



dr = ^l-'^dt' (41) 
Next, we obtain for g^/^r and gt't/,' 

g<P'<P' = -p^ ; gt'ci,' = (42) 



Therefore the length of a circle of radius p, measured in S' becomes ^3 



2n 



= \ -9<t>'^' / d<P (43) 







or 



4 = 27rp (44) 
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which is obviously the same resuh obtained in S. Since observers in both 



frames are in relative motion, one should expect, intuitively, l'^ > 2np 
(see also the letter of Einstein to J.Petzoldt, quoted in |2^).. This is in fact 
what one obtains from the "Galilean" transformation which yields ||23 



4 = ^^=T > 2vr/> (45) 



Let us now turn to transformations (p5l)-(^) and (^)- (|35|) , to see what 
results do they provide for proper time intervals and length of circles in the 
{z, p) plane. 

2.3 Some properties of transformation (25)— (28) 

First of all observe that in this case, as in the TT case, the velocity of a point 
at rest in S", as measured in S, is given by the expression 



Next, it follows from (|3),(|D, that 

9t't' = c'e^' (46) 
which for A << 1 gives, up to second order in A 



9t.'^^[l + ^j (47) 



in evident contradiction with 
On the other hand, from 



p'e^ ; 9t'^' = (48) 



it follows that the length of a circle of radius p, as measured in S', in given 
by 

= 2vrpe^^/2 (49) 
which for A << 1 gives, up to terms of order A^ 

= 2vrp (l + ^) (50) 



10 



which coincides with the "Gahlean" expression p5| ) expanded up to the in- 
dicated order. 

Thus, the transformation ([25|)-(PBD provides a solution to the problem of 
the length of the circle but gives an unsatisfactory answer to the question of 
proper time interval. 

Let us now consider the transformation (|3^)-(|35D. 



2.4 Some properties of transformation (32)— (35) 

As in the previous case, the expression for the velocity of a point at rest in 
S' is given by (H). 

Next, it follows from (|3|) that 

gt,t, = c'e-^' (51) 

which yields, up to order 

S"" « (l - ^) (52) 

in agreement with the result obtained from the "Galilean" transformation 
m (see eq.dD). 
However, from 

g<l,'<f,' = -p^e"-^' ; gt'4,' = (53) 

one obtains 

= 2vrpe-^^/2 (54) 

or, up to terms of order A 



2 



/; ^ 27rp (l - ^] < 2np (55) 



in contradiction with 

Therefore, in this case the proper time problem is satisfactorily solved, 
whereas the calculation of the circle's length leads to a wrong result. So, it 
happens that each set of transformations solves correctly a problem which 
is not solved by the other set. Based on this observation and on the fact, 
mentioned above, that the Takeno procedure leads unambiguously to a set 
of transformations (TT), only when the term linear in tu, appearing in (p!9|) 
(or (|29|) ) is neglected, we shall propose now a modified TT transformation 
which is free from the objections brought up above. 
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3 The modified TT transformation 



The results of previous section suggest the following set of transformations 
(MTT) 

t = (e-^V2 cosh a) t' + U'/'^ sinh a) 0' 



V^'/2^ sinh A^ t' + (e"'/2 cosh A) 0' 



or, solving for t' and 0' 

t' = e''/' 



(cosh X)t — ( - sinh A 



(cosh A) - 



- sinh A t 
.P J . 



(56) 
(57) 

(58) 
(59) 



MTT coincides with TT except for the exponential factors and, as it is seen 
from (^), gives for the velocity of a point at rest in S', the same expression 



Next, it is a simple matter to check that 



2 — 

gt't' = c e 



(60) 



which up to second order in A coincides with the "Galilean" result (^Ol). Also, 
we have in this case 



obtaining for the length of the circle of radius p 



I'. = 2npe 



A2/2 



(61) 



(62) 



which up to terms of order A^ yields the desired expression (pOl). 

Therefore MTT transformation disposes of objections previously raised 
in conection with TT trasformations. 

In what follows we shall present applications of MTT transformations to 
some well known problems: 



12 



3.1 The Sagnac effect 



This effect [^,[0 consists in the phase shift which appear between two 
counter propagating hght beams on a rotating platform. 

Let us calculate this effect using MTT transformation. In the rotating 
system 5" , the two rays which left the point A at the same time return to 
A at the same time t[ = t'2 (however it is important to stress that the arrival 
back at A are two distinct point events with different 0' coordinates in the 
rotating frame). 

Now, the arrival of one of the rays back to A is an event with coordinates 
(in S') 

p[ , 0; = 0'o + 2vr , t[ = + (63) 

whereas the coordinates of the event consisting in the arrival at A of the 
other ray, are 

p'2 = p[ , 0; = 0[, - 27r , t', = t[ (64) 

Therefore the difference of time in the arrival of both rays at A, as measured 
by the observer in S, is given by 



— p sinh A 

c 



(65) 



At = ti-t2 = 1^ 
where (^6]) has been used. Expanding ( 165|) up to order A^, we obtain 

At = f- + ^ [ + O(A^) (66) 



The first term on the right of (pq ) is the Sagnac's result. The second term 
is a correction of order A^ introduced by our transformation. In the case of 
TT transformation this correction is 

^ (67) 



3.2 Proper time intervals in S and S' 

Let us now consider two events which take place at the same spatial point 
as seen by S' . Thus, let (2;'^, p'^, 0'^, t'^) and (z^, p'^, 0'^, ^2) be the coordinates 
of both events. Then using (|5BD, we have 

At = ^2 - ^1 = e"^'/^ cosh A {t'^ - t[) (68) 
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Since At' and Ar' 



are related by (0), and Ar = At, we have 
Ar = Ar' cosh A 



(69) 



or, up to order 



Ar = Ar' 1 + 




) 



(70) 



3.3 Simultaneous events in S' and portable clocks 

Let us consider two synchronized clocks {A and B) in S', on different points 
of the same parallel. 

Then, two events with the same coordinate time t' (simultaneous in S') 
at A and B have for the inertial observer S, time coordinates which differ by 



Let us now assume that A and B are at the same point in S' showing the 
same time for both observers {S and S"), then let us rotate B clockwise by 
27r around the axis of rotation in S'. When B coincides again with A, the 
rotating observer will still read the same time by both clocks, but for the 
inertial observer, B will be slow with respect to A by 



This result differs from the obtained with the TT transformation by the 
exponential factor. 

4 Conclusions 

The TT transformation, which restores the most relevant aspects of relativis- 
tic kinematics, has been reviewed. 

To eliminate some undesirable consequences derived from its application 
we have proposed a new set of transformations which, while conserving all 
the advantages of TT, is free from its most conspicuous drawbacks. 

Some simple applications as the Sagnac's effect exhibit the differences 
with TT and the "Galilean" transformation. These differences being of or- 
der A^ and higher, it is not clear if they could be detected with available 
technology. 



tB-tA = e^'/'- sinh A (0^ - 0^) 



(71) 



At = e 




(72) 
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However, for future navigation and time tranfer systems which are now 
being contemplated, with sub-nanosecond time accuracy, such terms could 
become relevant. 

Although we do not claim that our proposition solves the problem con- 
sidered here in a definitive way, we do hope that it will stimulate further 
discussions on this very important issue. 
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